The advent of the new Ares I launch vehicle has highlighted the need for advanced dynamic analysis tools for variable mass, flexible structures. This system is composed of interconnected flexible stages or components undergoing rapid mass depletion through the consumption of solid or liquid propellant. In addition to large rigid body configuration changes, the system simultaneously experiences elastic deformations. In most applications, the elastic deformations are compatible with linear straindisplacement relationships and are typically modeled using the assumed modes technique. The deformation of the system is approximated through the linear combination of the products of spatial shape functions and generalized time coordinates. Spatial shape functions are traditionally composed of normal mode shapes of the system or even constraint modes and static deformations derived from finite element models of the system. Equations of motion for systems undergoing coupled large rigid body motion and elastic deformation have previously been derived through a number of techniques [1]. However, in these derivations, the mode shapes or spatial shape functions of the system components were considered constant. But with the Ares I vehicle, the structural characteristics of the system are changing with the mass of the system.
and stimulate avionics hardware. Due to the presence of vehicle control system filters and the thrust oscillation suppression system, which are tuned to the structural characteristics of the vehicle, ARTEMIS must incorporate accurate structural models of the Ares I launch vehicle. The ARTEMIS core dynamics simulation models the highly coupled nature of the vehicle flexible body dynamics, propellant slosh, and vehicle nozzle inertia effects combined with mass and flexible body properties that vary significantly with time during the flight. All forces that act on the vehicle during flight must be simulated, including deflected engine thrust force, spatially distributed aerodynamic forces, gravity, and reaction control jet thrust forces. These forces are used to excite an integrated flexible vehicle, slosh, and nozzle dynamics model for the vehicle stack that simulates large rigid body translations and rotations along with small elastic deformations. Highly effective matrix math operations on a distributed, threaded high-performance simulation node allow ARTEMIS to retain up to 30 modes of flex for real-time simulation. Stage elements that separate from the stack during flight are propagated as independent rigid six degrees of freedom (6DOF) bodies. This paper will present the formulation of the resulting equations of motion, solutions to example problems, and describe the resulting dynamics simulation engine within ARTEMIS. = state vector of constrained system S = constraint matrix T 10 = transformation to sort dependent and independent degrees of freedom order u 0 α = state vector in arbitrary order for component α u 0 = state vector in arbitrary order u 1 = state vector sorted into dependent and independent degrees of freedom V = product of transformation, constraint and mode shape matrices v α = submatrix of V, partitioned to size of component α Γ 0 = first mass integral Γ 1 = second mass integral κ = generalized stiffness matrix μ = generalized mass matrix Φ = mode shape matrix
I. Introduction
nnovative dynamics analysis tools are essential for modeling and simulation of variable mass, flexible structures such as the new Ares I launch vehicle. This system is composed of interconnected flexible stages or components undergoing rapid mass depletion through the consumption of solid or liquid propellant. In addition to large rigid body configuration changes, the system simultaneously experiences elastic deformations. In most applications, the elastic deformations are compatible with linear strain-displacement relationships and are typically modeled using the assumed modes technique. The deformation of the system is approximated through the linear combination of the products of spatial shape functions and generalized time coordinates. Spatial shape functions are traditionally composed of normal mode shapes of the system or even constraint modes and static deformations derived from finite element models of the system. Equations of motion for systems undergoing coupled large rigid body motion and elastic deformation have previously been derived through a number of techniques 1 . In these derivations, the mode shapes or spatial shape functions of the system components were considered constant; however, the structural characteristics of the Ares I vehicle change with the mass of the system.
Previous approaches to solving this problem involve periodic updates to the spatial shape functions or interpolation between shape functions based on system mass or elapsed mission time. The effects of these techniques have been studied 2 . These solutions often introduce misleading or even unstable numerical transients into the system. Plus, interpolation on a shape function is not intuitive. This paper presents an approach in which the shape functions are held constant and operate on the changing mass and stiffness matrices of the vehicle components. Each vehicle stage or component finite element model is broken into dry structure and propellant models. A library of propellant models is used to describe the distribution of mass in the fuel tanks or Solid Rocket Booster (SRB) for various propellant levels. Based on the mass consumed by the liquid engine or SRB, the appropriate propellant model is coupled with the dry structure model for the stage. Then, using vehicle configuration data, the integrated vehicle model is assembled and operated on by the constant system shape functions. The rigid body mass properties of the vehicle are derived from the integrated vehicle model. The coupling terms between the vehicle rigid body motion and elastic deformation are also updated from the constant system shape functions and the integrated vehicle model. This approach was first used to analyze variable mass spinning beams and then prototyped into a generic dynamics simulation engine. The resulting code was tested against Crew Launch Vehicle (CLV) class problems worked in the TREETOPS 3 simulation package.
The Ares I System Integration Laboratory (SIL) is currently being developed at the Marshall Space Flight Center (MSFC) to test vehicle avionics hardware and software in a hardware-in-the-loop (HWIL) environment and certify that the integrated system is prepared for flight. The Ares I SIL utilizes the Ares Real-Time Environment for Modeling, Integration, and Simulation (ARTEMIS) tool to simulate the launch vehicle and avionics hardware. Due to the presence of vehicle control system filters and the thrust oscillation suppression system, which are tuned to the structural characteristics of the vehicle, ARTEMIS must incorporate accurate structural models of the Ares I launch vehicle. The ARTEMIS core dynamics simulation models the highly coupled nature of the vehicle flexible body dynamics, propellant slosh, and vehicle nozzle inertia effects combined with mass and flexible body properties that vary significantly with time during the flight. All forces that act on the vehicle during flight must be simulated, including deflected engine thrust force, spatially distributed aerodynamic forces, gravity, and reaction control jet thrust forces. These forces are used to excite an integrated flexible vehicle, slosh, and nozzle dynamics model for the vehicle stack that simulates large rigid body translations and rotations along with small elastic deformations. Cache optimized matrix math operations on a high-performance, multiprocessor, multi-node simulation computer allow ARTEMIS to achieve real-time while retaining up to 30 flexural modes. Stages that separate from the stack during flight are propagated as independent, rigid six degree of freedom (6DOF) bodies. This paper will present the formulation of the resulting equations of motion, solutions to example problems, and describe the resulting dynamics simulation engine within ARTEMIS.
II. Equations of Motion
The vehicle equations of motion, which constitute the dynamics engine of the ARTEMIS simulation, were derived using Boltzmann-Hamel equations 1 . Some of that derivation will be repeated here. Boltzmann-Hamel equations, often referred to as Lagrange's equations in quasi-coordinates, are a modified form of Lagrange's equations which operate in a moving reference frame. The elastic deformations of each body will be approximated using the assumed modes technique. This method is a popular technique for modeling structural flexibility in multibody simulation packages. In this technique, the elastic deformation of each body is approximated through a linear I combination of the products of shape functions and generalized time coordinates. The shape functions are typically a subset of normal modes derived from a finite element model of the component. Fig. 1 is a generic flexible body with vectors describing the position of the i th nodal body relative to inertial space O and a body fixed frame B. The nodal body has mass m i and an inertia tensor I i . The location of the nodal body relative to the body fixed frame is denoted by  i . In the deformed state of Fig. 2 , the translational deformation of i relative to B is  i and the rotational deformation is  i . These deformations are assumed to be small, as well as compatible with linear strain-displacement relations. The deformed nodal body position is
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The inertial translational velocity of point i is
(2) 
(3)
The system potential energy is the strain energy resulting from body deformations. It can be computed from a finite element stiffness matrix of the structure as
where K is the stiffness matrix,  and  are the nodal displacements, (q,t) are the system constraint equations, and  is the array of Lagrange multipliers. The nodal displacements can be approximated using the assumed modes technique as
where  ij and  ij are the j th shape functions or modes at node i and  j is the associated generalized coordinate. This is essentially a coordinate transformation from the finite element nodal displacements to a set of modal coordinates. The model is reduced in size by truncating the number of modes or shape functions used in the coordinate transformation. By inserting the energy expressions into Boltzmann-Hamel equations, the following equations of motion are derived.
The off axis terms in the system mass matrix of Eq. (7) are defined as
These terms are often referred to as the mass integrals and are a function of the rigid body mass properties and selected shape functions. Generally, Eqs. (8) through (12) are evaluated using shape functions and a finite element mass matrix. The mass integral terms couple the rigid body motion to the structural deformation as characterized by the shape functions. If the shape functions are orthogonal to the rigid body modes of the system, the mass integral terms defined by Eqs. (8) and (9) are zero. Typically the higher order terms of Eqs. (10), (11), and (12) are ignored except for extremely flexible systems. The system natural frequencies and mode shapes can be computed from the system mass matrix (coefficient matrix of the acceleration vector in the equations of motion) and the generalized stiffness matrix (augmented with rows and columns of zeroes for the rigid body degrees of freedom).
III. Variable Mass
The changing structural characteristics of a variable mass system are difficult to model in a time domain simulation. In the previous derivation of equations of motion, the shape functions were considered constant. In order to account for variations in the structural characteristics, the equations of motion could be expanded to include timevarying terms for the shape functions. However, time derivatives of the shape functions are difficult to compute or measure and add significantly to the numerical computations. Alternatively, different sets of mode shapes for each mass distribution can be processed before running the simulation. These sets can be periodically updated or interpolated during the simulation using Eq. (7), which introduces discontinuities in the vehicle deformations. Finally, a constant set of shape vectors that describe the bending characteristics of the vehicle for the entire propellant burn can be built from combinations of the mode shapes derived from different mass distributions. In this approach, the stage mass and stiffness matrices are combined to build the integrated vehicle mass and stiffness matrices in physical coordinates. The vehicle mass properties, mass integrals, and generalized mass and stiffness matrices are computed from the integrated vehicle mass and stiffness matrices and constant shape functions each time step and updated in Eq. (7). Through these updates, the system equations of motion reflect the current structural characteristics of the vehicle in a continuous manner while using a constant set of shape vectors.
Vehicles simulated by the ARTEMIS dynamics engine are decomposed into stages. Each stage is further subdivided into a dry substructure and propellant or tank substructures. Finite element models of each of the stage substructures are created and the mass and stiffness matrices extracted. Multiple propellant or tank models are constructed for various levels of propellant. Within ARTEMIS, the propellant consumed by each substructure is tracked through integration of mass flow rates and the corresponding mass and stiffness matrices are updated using interpolation. The mass and stiffness matrices for the stages and integrated vehicle are assembled through substructure coupling techniques, based on the appropriate vehicle configuration, and are used to calculate mass properties, mass integrals, and generalized mass and stiffness matrices. System shapes are selected off line to characterize the integrated vehicle flexibility for the appropriate configuration of stages. These shapes are orthogonalized with respect to the vehicle geometric rigid body modes to avoid singularities caused through dependencies with explicit rigid body degrees of freedom defined in Eq. (7). Mass properties are found through geometric rigid body modes operating on the system mass matrix. The process to update the vehicle properties based on propellant consumption in ARTEMIS is shown in Fig. 3 for parallel processing.
IV. Algorithm Description
The primary goals of the implementation of these methods are to derive equations in forms that yield a minimal number of run-time calculations, to parallelize tasks for efficient multithreading, and to design structures and algorithms to utilize the CPU cache as efficiently as possible.
The main technique used to reduce the number of run-time calculations is to partition the equations into terms that only need to be recomputed for a stage consuming mass, which is usually only one stage at a time. Additionally, the equations are written as a function of the individual stage mass and stiffness matrices before any transformations are applied. Thus, the equations reduce to simple matrix multiplications where most calculations may be performed one time at initialization and used for the duration of the simulation. The substructure coupling technique is particularly useful for deriving in this form.
A. Substructure Coupling
Substructure coupling is a convenient technique to assemble composite mass and stiffness matrices for structures from individual components. This method, also known as Component Mode Synthesis, is described in detail by Craig 4 . The formulation presented here has been modified to account for multiple components and to provide for more efficient calculations.
Consider a set of components (stages or substructures) (α, β, γ, δ) where each component has a mass and stiffness matrix modeled by the following equation:
The subscript 0 represents an arbitrary DOF order. In this notation, the superscript represents the component ( in this case). The state vector is represented by u, the mass matrix by m, the stiffness matrix by k, and the external force and moments by f.
In order to perform substructure coupling, the states must first be reordered into dependent and independent DOFs with a transformation matrix, T 10 , to compute the reordered state vector u 1 . Following Craig's approach, the constraint equations are applied to the system to generate a new, constrained state vector, q. These constraint equations take the form of a matrix multiplication. The generalized forms of the mass and stiffness matrices are used in the vehicle dynamics. These matrices are determined by assembling the component mass and stiffness matrices into block-diagonal form (M 0 , K 0 ), applying the transformation into independent/dependent coordinates (T 10 ), and then applying the constraint equations (S). These matrices are further reduced into generalized coordinates for flexible degrees of freedom () based on the number of modes in the mode shape matrix (). For simplicity, define the transformation to be:
The generalized mass (μ) and stiffness (κ) matrices become
Since the mode shapes are held constant, V does not depend on time nor mass properties and can be calculated at initialization. Thus, the generalized mass and stiffness matrices may be calculated directly from the component matrices which are determined by interpolation each frame. Usually one component varies mass for a given time; therefore, Eqs. (16) and (17) are rewritten into a summation that is a function of each component independently. This modification allows the generalized mass and stiffness matrices to be computed once and stored for the constant mass components. A significant reduction in the number of computations is accomplished since the matrix multiplications are on the order of the number of degrees of freedom of one component instead of the entire system.
The separation of V for each component involves partitioning V into submatrices (v α , v β , ...) with the same width as the original V, but the number of rows of each submatrix is the same as the number of degrees of freedom of the corresponding component.
 
A simple diagonal damping matrix is created based on a desired damping ratio. The mass integrals are calculated in a similar manner, although detailed derivations of the equations are beyond the scope of this paper.
The matrix multiplications are performed by a special function that implements the Goto/Van de Geijin method 5 , which ensures that the processor is utilizing floating point units while avoiding cache misses. This method uses an inner loop, which iterates over the maximum amount of data that can fit in a processor's level 1 (L1) cache at a time, with outer loops for each higher level of processor cache (L2, L3, etc.).
The individual mass and stiffness matrices for each component must be determined based on stage mass. Lookup tables provide these matrices using the substructure or stage mass as the independent variable. The center of mass and moment of inertia for each stage are determined using the component mass matrix from the geometric rigid body modes technique. The center of mass and moment of inertia for the composite vehicle are calculated using the parallel axis theorem and the component mass properties.
B. Multithreading
The algorithms for looking up the mass and stiffness matrices, calculating mass properties, and solving the equations of motion have been designed to run on multi-core and multi-processor systems. Multi-threading of mass property and matrix calculations is straightforward since the calculations for each stage can be performed on a separate thread. Additionally, the mass integrals can be calculated on a separate thread.
The functions that solve the equations are separated into different tasks, which can be executed in parallel. A function (FApp) sums all the applied forces and moments (including force following terms) about the vehicle frame and calculates the generalized forces and moments. Another function (RHS) calculates the right hand side kinematic terms of Eq. (7). A third function calculates the system mass matrix and performs an LU decomposition. A fourth function performs the forward and backwards substitution (FBS) for the LU decomposed system mass matrix. Figure 4 illustrates a potential multithreading scheme. This scheme is based on using a separate thread for each stage and using separate threads for interpolating components and calculating generalized mass and stiffness matrices.
V. Example
To demonstrate the feasibility of this approach, an example problem was formulated and solved with the simulation package TREETOPS. TREETOPS is a non-linear, multibody simulation tool which supports flexible bodies through the assumed modes technique. An example five-element beam, shown in Fig. 5 , was constructed in NASTRAN and used as a model of dry structure. Table 1 contains the properties for the dry beam. To simulate propellant, rigid bodies with mass and inertia were connected to each of the six nodes of the beam. The masses were depleted over time using a prescribed flow rate. A TREETOPS model was constructed with seven bodies. Body one was the dry flexible beam. Bodies two through seven represented the propellant nodal masses and inertias rigidly attached to the beam. The structural characteristics of body one were derived from the NASTRAN model of the dry beam. Table 2 contains the mass properties of each of the rigid bodies attached to the beam nodes representing the full propellant beam configuration. Eleven system NASTRAN models of the beam were created with concentrated masses and inertias attached at each beam node. Each of these models represented a separate mass configuration of the beam during the propellant burn. The propellant burn reduced the masses from the initial value of one slug to zero slugs over a period of fifteen seconds. The inertia of each mass remained unchanged for this example. Table 3 contains the first ten frequencies computed in NASTRAN for the final or empty propellant configuration and for the initial or full propellant beam configuration. In this table, the empty propellant configuration consists of the dry beam with attached lumped inertias.
Error!
Typically, the propellant would be simulated in ARTEMIS as a separate structure and then substructure coupled to the dry beam. But for this example, the system was modeled as a single structure. ARTEMIS interpolated directly on the NASTRAN mass matrices of the integrated system. Three sets of system modes were evaluated in ARTEMIS: (A) ten modes from dry beam with lumped inertias (empty configuration), (B) ten modes from dry beam with full masses (full configuration), (C) sixteen combined shapes from ten half full modes, three full modes, and three empty modes. Table 4 lists system frequencies derived from a NASTRAN model of the empty configuration and ARTEMIS frequencies using the various basis vectors. Table 5 lists the same system frequencies for a full system. As seen in Tables 4 and 5, no single mode basis set works well for the full spectrum of propellant levels. However, at the computational expense of additional shapes, the combined set of vectors from various mass configurations performs well. Any screening or shape selection process should, as a minimum, evaluate the predicted system frequencies for the configurations being studied. Resulting system mode shapes also need to be considered. The simulations began with the system at rest. A 500-pound excitation force was applied along the beam Y-axis at node 1 for 0.004 seconds and then released. The simulation was run for constant mass and variable mass problems. Figure 6 depicts the angular velocity of node 1, including bending, and Fig. 7 contains the lateral deflection of node 6 for the full constant mass run. The results show excellent agreement between TREETOPS and ARTEMIS while using different dynamic formulations and support the verification of Eq. 7. Next, a variable mass case was run to evaluate the feasibility of the approach utilized in ARTEMIS and outlined in this paper. A 15 second burn with a burn rate of 1/15 slugs/second for each propellant mass started at 2 seconds. At the end of the burn, the propellant masses were completely depleted. The inertia of each of the propellant masses was not changed for this problem. Figure 8 is the angular velocity of node 1 and Fig. 9 is the lateral deflection of node 1. Again, there is excellent agreement between TREETOPS and ARTEMIS. 
VI. Conclusion
An approach to efficiently simulate variable mass, flexible body systems has been presented and demonstrated. In this method, shape functions are held constant over a wide range of mass configurations, allowing the simulation tool to utilize existing formulations for the equations of motion of a single flexible body. This technique does not employ time-varying shape functions, which are difficult to characterize and are computationally intensive. This approach also does not utilize scheduled or interpolated shape functions that can introduce numerical discontinuities into the solution. Instead, this method operates directly on substructure mass matrices and updates the system mass matrix, mass properties, and coupling terms in the equations of motion. The Ares I simulation tool ARTEMIS has adopted this technique and expanded the formulation to real-time operation through selective partitioning of the equations and parallel computations. Future work will focus on developing methods to select system modes, evaluating different types of system modes, and reducing numerical discontinuities that can occur during vehicle staging events. Mass Integrals  Mass integrals model coupling between rigid body and flex body dynamics  Using momentum arguments, developed ways of calculating these from mass matrices  Γ 0 and Γ 1 go to zero when mode shapes are orthogonal to mass matrix, the others are negligible • Not always the case using our approach  The Γ 2 , I 1 & I 2 mass integrals may be neglected for systems that do not undergo very large deformations (e.g. for the Ares I) Variable Mass Challenges  For variable mass systems, such as the Ares I launch vehicle, system mode shapes are not constant  Depending on structure, system stiffness characteristics could also vary with mass  Current flexible body simulation tools are not configured for this class of systems  Mass and stiffness must be determined each step  Generalized mass and stiffness and mass integrals must be recomputed (large matrices, very time consuming) 
